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Anisotropic Second- and Third-Harmonic Hermite—
Gaussian Beam Generation with NbOIl, Holograms

Jayanta Deka, Jie Gao,* and Xiaodong Yang*

Hermite—Gaussian (HG) modes are an orthogonal set of solutions to the paraxial
wave equation possessing distinct spatial intensity variations, which are
important in many optical applications. Here, anisotropic second- and third-
harmonic HG beam generation is demonstrated with ultrathin niobium oxide
diiodide (NbOI;) grating holograms to produce the nonlinear HGy; and HG;o
modes. It is shown that the generated second-harmonic HG modes exhibit a high
anisotropy ratio reaching a large value of 14.95, while the simultaneously gen-
erated third-harmonic HG modes have an anisotropy ratio up to 4.85. The relative
magnitudes of the second- and third-order nonlinear susceptibility tensor ele-
ments of NbOI, crystal are extracted by analyzing the polarization-dependent
nonlinear emission. These demonstrations provide new opportunities for
building functional polarization-sensitive nonlinear optical devices used for
future integrated photonic chips, optical computing, and optical communication.

1. Introduction

Hermite-Gaussian (HG) and Laguerre-Gaussian (LG) modes
are different families of complete sets of orthogonal spatial
modes, which are solutions to the paraxial wave equation.™
The HG modes, also known as transverse modes, have linear
phase fronts and can be described by two mode indices (m, n)
which are separable in Cartesian coordinates, while the LG
modes have spiral phase fronts possessing orbital angular
momentum and can be described by the topological charge .
It is known that by shaping the optical wavefront of an optical
beam, important beam parameters such as orbital angular
momentum and spatial intensity variation can be controlled.
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The generation and manipulation of HG
beams and other higher-order optical
modes with complex beam profiles have
profound implications across various appli-
cations including precision lithography,
optical sensing,”®! optical trapping,**! opti-
cal communication,’®® and gravitational
wave detection.”) Most of the existing opti-
cal beam wavefront shaping components
such as phase plates and spatial light mod-
ulators are bulky and not readily compati-
ble with on-chip integration. Recently,
plasmonic metasurfaces with the ability
to control the amplitude and phase of an
impinging optical wavefront have been
used for beam shaping.'®™! The beam
shaping techniques have been extended
from the linear regime into the nonlinear
regime to introduce new frequencies as
an extra degree of freedom for light-matter interactions,"? which
enables many applications such as the entangled mode genera-
tion in quantum optics.”*! However, plasmonic metasurfaces
often face challenges in nonlinear beam shaping due to inherent
high optical loss, low damage threshold, and limited optical
nonlinearity.

2D materials have garnered tremendous attention in optical
technologies due to their exceptional linear and nonlinear optical
properties. The remarkable optical properties, along with the
reduced dimensionality of 2D materials, offer great potential for
developing functional chip-scale optical devices."* In the nonlinear
regime, various types of 2D materials and their heterostructures
have been extensively studied for their tailorable optical responses
in second-harmonic generation (SHG), third-harmonic generation
(THG), sum-frequency generation, four-wave mixing, and satura-
ble absorption.>® The reduced dimensionality also makes 2D
materials a suitable platform for making nonlinear optical devices
without the requirement of complex phase-matching techniques.
On the other hand, highly anisotropic optical properties due to
low in-plane crystalline symmetry have been reported for different
types of 2D materials such as black phosphorus (BP), GeS, GeSe,
SiP, TiS;, As,S3, ReS,, SnS, and GeAs, 2! which have great
potential for building various functional polarization-sensitive opti-
cal devices such as optical sensors,”® lasers®™! and photodetec-
tors.”**’! In this context, niobium oxide dihalides (NbOX,) are
a new class of ferroelectric 2D materials exhibiting strong and ani-
sotropic nonlinear optical responses. The existence of strong in-
plane ferroelectricity of NDOX, presents significant potential for
realizing energy storage devices.”” The ferroelectric-to-paraelectric
phase transition of NbOX, under external stimuli can induce sig-
nificant changes in their linear and nonlinear optical properties,
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which holds great promise for building optical sensing and switch-
ing devices.*!! Ferroelectricity is also associated with inherent bro-
ken inversion symmetry of NbOX,, crystal, leading to strong SHG
responses. It has been reported that NbOX; crystals exhibit much
higher second-order nonlinear optical susceptibilities compared to
other 2D materials and conventional nonlinear media.*>** Highly
anisotropic and tunable SHG emission from these materials have
also been reported, which has strong potential to build ultrathin
polarization-sensitive optical devices.!*>*!

In this work, anisotropic second- and third-harmonic HG
beams are generated simultaneously from ultrathin NbOI, grat-
ing holograms for producing the nonlinear HGy; and HGqq
modes. The binary-amplitude holograms are utilized to encode
the beam profile information of the HGy; and HG1o modes, and
the generated HG beams are recorded in far-field diffraction
images. It is demonstrated that the generated second-harmonic
HG modes display a high anisotropy ratio, attaining a large value
of 14.95, while the third-harmonic HG modes have an anisotropy
ratio reaching up to 4.85. Furthermore, the relative magnitudes
of the second- and third-order nonlinear susceptibility tensor ele-
ments of the NbOI, bare flakes and the fabricated holograms are
retrieved by analyzing the polarization-dependent SHG and
THG emission. These demonstrated results open up new ave-
nues for building 2D material-based polarization-sensitive non-
linear optical devices with tailored functionalities used for future
photonic integrated circuits, quantum photonic chips, optical
computing, and optical communication.

2. Results and Discussion

The side view illustrations of the NbOI, lattice structure along
the b-axis and c-axis are shown in Figure 1a. The NbOI, layers
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are stacked together along the a-axis with weak van der Waals
forces with the interlayer distance of 0.75 nm. The NbOI, lattice
crystallizes in monoclinic structure belonging to C2 space group
with unit cell dimensions of a =15.11A, b=3.94A, c=7.53 A
and = 103.84° at room temperature.*") The Nb atoms exhibit a
1D Peierls distortion, resulting in nonequal distances between
two Nb atoms along the c-axis (L; # L,) and the nonequal dis-
tances of an Nb atom from two neighboring O atoms along
the b-axis (Dy # D). The displacement of the Nb atoms gives
rise to spontaneous polarization along the b-axis. The optical
microscope image and the atomic force microscopy (AFM) image
of an exfoliated NbOI, flake with the thickness of 80 nm on glass
substrate are shown in Figure 1b,c. The SHG and THG emission
from the flake is characterized with nonlinear optical spectros-
copy and pump power-dependance measurements. The mea-
sured SHG and THG spectra are plotted in Figure 1d,f with
the excitation wavelength at 1560 nm, showing the nonlinear
emission peaks at 780 and 520 nm, which are exactly half and
one-third of the excitation wavelength corresponding to the
SHG and THG processes, respectively. Next, the nonlinear opti-
cal processes are further studied with the pump power depen-
dance plotted in Figure le,g. The slopes of the curves from
the log—log scale plots are estimated to be 1.98 and 2.98, which
are consistent with the SHG and THG nonlinear optical pro-
cesses, respectively.

Next, polarization-resolved SHG and THG measurements are
performed on the 80 nm-thick flake shown in Figure 1 to deter-
mine the anisotropic nonlinear optical properties of NbOI, crys-
tal. The optical setup for the polarization-resolved nonlinear
measurements is illustrated in Figure 2. The pump polarization
angle with respect to the c-axis of the crystal is determined by
using a linear polarizer and a rotating half-wave plate placed
in the excitation path. In the parallel or perpendicular
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Figure 1. Characterization of SHG and THG responses of the NbOI, flake. a) Side view illustrations of the NbOlI, lattice structure showing nonequal distances

between two Nb atoms along the c-axis (L; # L,) and nonequal distances of an Nb atom from two neighboring O atoms along the b-axis (D; # D,).

b) Optical

microscope image and c) AFM image of a NbOlI, flake on glass substrate. d) Measured SHG spectrum of the NbOlI, flake. €) Pump power dependance of the
SHG emission in log-log scale. f) Measured THG spectrum of the NbOI, flake. g) Pump power dependance of the THG emission in log-log scale.
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Figure 2. The optical setup for the polarization-resolved SHG and THG measurements. LP: linear polarizer, HWP: half-wave plate, Obj.: objective lens,

SPF: shortpass filter, BPF: bandpass filter.

polarization configuration for the SHG measurements, the direc-
tion of the linear polarizer in the collection path is set to be par-
allel or perpendicular to the linear polarization direction of the
pump beam. To measure the b-component or c-component of
THG emission, the linear polarizer in the collection path is fixed
along the direction of the b-axis or c-axis of the crystal. The par-
allel and perpendicular components of SHG emission and the
total SHG intensity as a function of the pump polarization angle
with respect to the c-axis are shown in Figure 3a—c at the excita-
tion wavelength of 1560 nm. The parallel component of SHG
emission shows a twofold profile with the maximum SHG inten-
sity along the b-axis, while the perpendicular component of SHG
emission has a butterfly-shaped profile oriented along the c-axis.
It is found that the perpendicular component of SHG emission is
significantly weaker than the parallel component, leading to a
twofold profile along the b-axis for the total SHG intensity.
The measured SHG anisotropy ratio, defined as the ratio
between the maximum and minimum intensities, is 17.73 for
the flake. For NbOI, crystal belonging to monoclinic C2 space

group, the parallel and perpendicular components of SHG emis-
sion can be expressed as,*®

I, « |3;(bccc052951n9 + )(1(313)1)51n39|2 (1)
I, I;(]()zc)ccos39 - legzc)csinzﬂcosé? + ;({i)bsinzﬂcosﬂz (2)

where 0 is the polarization angle of the pump beam with respect
to the crystallographic c-axis, ;(](j))b and ;(](JZC)C are the two indepen-
dent elements of the second-order nonlinear susceptibility tensor
for NbOI, crystal. The theoretical fits are also plotted in
Figure 3a—c with solid lines showing good agreement with the
experimental data. The polarization-resolved THG emission is
characterized with the b-component and c-component plotted
in Figure 3d,e. The b-component of THG emission has a twofold
profile with the maximum THG intensity occurring along the
b-axis, while the c-component of THG emission has a butterfly-
shaped profile oriented along the c-axis. The c-component of
THG emission is relatively stronger than the b-component,
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Figure 3. Polarization-resolved nonlinear measurements of the NbOI, flake shown in Figure 1. a) Parallel component, b) perpendicular component, and
c) total SHG intensity as a function of the pump polarization angle. d) b-component, e) c-component, and f) total THG intensity as a function of the pump
polarization angle. Solid lines are the theoretical fits to the experimental data shown as dots. The crystallographic b-axis is oriented along the horizontal
direction, and the c-axis is along the vertical direction.
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which results in a four-lobe pattern for the total THG intensity
as plotted in Figure 3f. The theoretical expression for the b and
c-components of THG emission from NbOI, crystal can be
written as,*?!

B, o [y sin30 + 3y, sinfcos?0)2 3)
I, o b(éziccosw + 3;(£z,))bcos95in29|2 (4)
where ;(](i)bb, ;(](i)cb, ;(ﬁizc, and ;(f:i]))b are the four independent ele-
ments of the third-order nonlinear susceptibility tensor for
NbOI, crystal. Figure 3d—f include the theoretical fits with solid
lines, which show good agreement with the measured data. As
shown in Figure 3f, the minimum total THG intensity occurs as
the pump polarization is along the b-axis, whereas the maximum
intensity is achieved as the pump polarization is along a direction
approximately at 42° angle to the b-axis. The measured THG
anisotropy ratio is 3.83 for the flake. From the results presented
above, it is shown that the SHG and THG emission from NbOI,
crystal exhibits highly anisotropic responses, which have great
potential for realizing polarization-sensitive nonlinear optical
devices. Besides, the polarization-resolved nonlinear measure-
ments can serve as powerful tools for identifying the crystallo-
graphic orientation of NbOI, thin flakes.

The NDbOI, grating holograms are designed to encode the beam
profile information of the HGy; and HG;y modes on the NbOI,
crystal. The binary-amplitude modulation of the second-order or
third-order nonlinear susceptibility y* with n = 2 or 3 for produc-
ing the HG beams can be described as

20 y) = {3+ Jsgn|cos{ 22— gt |
~ cosfsin~'as ) |} ?

where A is the grating period, ¢(x,y) and A(x,y) are the phase
and amplitude profiles of the beam wavefront in the hologram
plane. To generate the nonlinear HGy; mode in the first diffrac-
tion order, the phase profile can be expressed as

_Jz y=20
s ={5 120 ©
while the phase profile for generating the nonlinear HG;, mode is
T x>0

and the amplitude profiles for both cases are A(x, y) =1.

The designed binary-amplitude grating holograms to simulta-
neously generate the second- and third-harmonic HG beams are
directly milled into the NbOI, thin flakes using focused ion beam
(FIB). The optical microscope image and the scanning electron
microscope (SEM) image of the fabricated grating hologram to
generate the HGy; mode on a NbOI, flake with the thickness of
70 nm are shown in Figure 4a,b, where the grating lines are ori-
ented along the c-axis of NbOI, crystal. The second- and third-
harmonic images of the grating hologram at the excitation wave-
length of 1560 nm are shown in Figure 4c,d. The far-field images
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of the hologram in the Fourier plane are shown in Figure 4e,f,
which demonstrate the generation of the nonlinear HGy; modes
at the second- and third-harmonic wavelengths in the first dif-
fraction order. The diffraction angles of the HGy; modes can
be calculated as 0y =sin~'(A4/A) where 1 is the second or
third-harmonic wavelength and the grating period A = 3 pm.
The diffraction angles are ~15.1° and 10.0° for the HGy; modes
at the second- and third-harmonic wavelengths, respectively.
Next, the anisotropic response of the second-harmonic HGy,
mode is characterized by rotating the pump linear polarization
and measuring the mode intensity, which is plotted in Figure 4g
as red triangles. Highly anisotropic SHG response of the gener-
ated HGy; mode is observed, which shows a twofold profile with
the maximum intensity occurring for the pump polarization
along the b-axis and the minimum intensity occurring for the
polarization along the c-axis. For comparison, the polarization
dependance of the SHG intensity from the bare flake is also plot-
ted in Figure 4g as black squares. The measured anisotropy ratio
of the generated second-harmonic HGy; mode is 14.95, which is
close to the value of 17.36 for the bare flake. The theoretical fits
according to Equations (1) and (2) are plotted in Figure 4g as solid
lines, indicating good agreement with the measurements.
Furthermore, the anisotropic response of the third-harmonic
HGy; mode is measured and plotted in Figure 4h as green tri-
angles. A four-lobe pattern is observed with the maximum inten-
sity appearing for the pump polarization along a direction
approximately at 42° angle to the b-axis and the minimum inten-
sity occurring for the polarization along the b-axis. Figure 4h also
plots the polarization dependance of the THG intensity from the
bare flake shown as black squares. The measured anisotropy ratio
of the third-harmonic HGy; mode is 4.85, which is close to the
value of 3.73 for the bare flake. The theoretical fits using
Equations (3) and (4) are also plotted in Figure 4h as solid lines,
showing good agreement with the experimental data.

Next, the measurements are extended to generate anisotropic
second- and third-harmonic HG;o modes using NbOI, grating
hologram. Figure 5a,b display the optical microscope image and
the SEM image of the fabricated hologram on a 45 nm-thick
NbOI, flake with the grating lines oriented along the c-axis. The
second- and third-harmonic images of the hologram are shown
in Figure 5¢,d. The corresponding far-field images of the hologram
at the second- and third-harmonic wavelengths are shown in
Figure 5ef, demonstrating the generation of nonlinear HGq
modes. The polarization dependences of the SHG and THG inten-
sities of the generated HG;¢ modes are plotted in Figure 5gh as
red triangles and green triangles, respectively, showing strong
anisotropic responses. The anisotropic responses of the SHG
and THG intensities from the bare flake are also included in
Figure 5gh as black squares. The theoretical fits from
Equation (1)—(4) are plotted as solid lines, showing good agreement
with the measured results. Similar to the case of HGy; mode, the
second-harmonic HG;o mode has a twofold profile with the maxi-
mum intensity along the b-axis, while the third-harmonic HG;q
mode has a four-lobe pattern with the maximum intensity occur-
ring approximately at 39° angle to the b-axis. The measured anisot-
ropy ratios of the second- and third-harmonic HG;o modes are
14.92 and 4.33, respectively, which are close to the values of
16.21 and 3.97 for the bare flake.
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Figure 4. Generation of anisotropic second- and third-harmonic HGo; modes. a) Optical microscope image, b) SEM image, c) second-harmonic image,
and d) third-harmonic image of the hologram. Far-field images of the hologram with the generated e) second-harmonic and f) third-harmonic HGy,
modes in the first diffraction order. g) Polarization dependance of the SHG intensity of HGo; mode (red triangles) and the SHG intensity from the bare
flake (black squares). h) Polarization dependance of the THG intensity of HGo; mode (green triangles) and the THG intensity from the bare flake (black

squares). Solid lines are theoretical fits to the experimental data.

The nonlinear conversion efficiency of the hologram #cg can
be determined as the ratio of the generated SHG or THG power
to the pump power. For measuring the SHG conversion effi-
ciency, the pump polarization is set along the b-axis correspond-
ing to the maximum SHG intensity, while for the THG case the
pump polarization is along 45° to the b-axis, which is close to the
angle for reaching the maximum THG intensity. The average
pump power is 72 mW for the SHG measurements, which cor-
responds to a peak irradiance of 1.75 GW cm ™2 on the hologram.
The SHG conversion efficiencies are 9.72 x 107 ° for the HGo,
hologram and 1.19 x 10~ for the HG4, hologram. The average
pump power for the THG measurements is 210 mW correspond-
ing to a peak irradiance of 5.10 GW cm™2. The THG conversion
efficiencies for the HGo; and HG4, holograms are 1.05 x 10~ °
and 2.14 x 107'%, respectively. The nonlinear HG mode

Adv. Photonics Res. 2025, 2500188 2500188 (5 of 8)

conversion efficiency is defined as nyg = ncg-pe Where npg is
the diffraction efficiency of the HG mode representing the frac-
tion of SHG or THG power coupled to the first diffraction order.
The diffraction efficiencies of the HGy; mode and HG;, mode
for the SHG process are calculated as 43.9% and 48.3%, respec-
tively. The second-harmonic HG mode conversion efficiencies
are then determined as 4.27 x 107! and 5.77 x 107*° for the
HGy; hologram and HG;, hologram, respectively.
Subsequently, the diffraction efficiencies of the HGy; mode
and HG;y mode for the THG process are 53.3% and 44.7%,
respectively. The corresponding third-harmonic HG mode con-
version efficiencies are 5.58 x 107" and 9.58 x 10™'" for the
HGy; hologram and HG hologram, respectively. It is noted that
the FIB milling process using gallium ions can introduce unde-
sired nanoscale defects, edge roughness, and amorphous layers
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Figure 5. Generation of anisotropic second- and third-harmonic HG;o modes. a) Optical microscope image, b) SEM image, c) second-harmonic image,
and d) third-harmonic image of the hologram. Far-field images of the hologram with the generated e) second-harmonic and f) third-harmonic HG;¢
modes in the first diffraction order. g) Polarization dependance of the SHG intensity of HGo mode (red triangles) and the SHG intensity from the bare
flake (black squares). h) Polarization dependance of the THG intensity of HG;o mode (green triangles) and the THG intensity from the bare flake (black

squares). Solid lines are theoretical fits to the experimental data.

at the grating groove edges of the fabricated holograms. These
effects can potentially reduce the diffraction efficiencies of the
holograms and the nonlinear HG mode conversion efficiencies.

The relative magnitudes of the second- and third-order nonlin-
ear susceptibility tensor elements of NbOI, crystal can be
retrieved for the bare flakes and the grating holograms according
to the theoretical fits from Equations (1)—(4), which are summa-
rized in Table 1. The value of the second-order nonlinear suscep-
tibility element ;(](JZC)C are found in the range of 0.23-0.26. The
theoretical SHG anisotropy ratio is proportional to the square

of the ratio )(](j))b / )(](JZC)C which is also listed along with the experi-
mental anisotropy ratio. The theoretical SHG anisotropy ratio
varies from 14.79 to 18.90 for different samples considered here,
which is consistent with the experimentally measured SHG
anisotropy ratio varying from 14.92 to 17.73. The theoretical

Adv. Photonics Res. 2025, 2500188 2500188 (6 of 8)

THG anisotropy ratio is dependent on the relative magnitudes
of four different third-order nonlinear susceptibility elements
which are listed in Table 1. The extracted relative magnitudes
of ;(S])Jb, ;(]()ajb, and ;(](J?Cb by setting ;Aigc into unity are in the range
of 1-1.16, 0.72-0.80 and 0.18-0.20, respectively. The theoretical
THG anisotropy ratio changes from 3.79 to 4.89 for the bare
flakes and the holograms, which is very close to the measured
THG anisotropy ratio in the range of 3.73 to 4.85. The variations
of the SHG and THG anisotropy ratios and correspondingly the
nonlinear susceptibility tensor elements between NDbOI, thin
flakes can be attributed to the mechanical exfoliation process dur-
ing the transfer of the crystals to glass substrates, while the var-
iations in the cases of the holograms can be attributed to the
defects introduced by gallium ions during the FIB milling process
which can alter the crystal structure and electronic properties.’*”
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Table 1. Summary of the relative magnitudes of second- and third-order nonlinear susceptibility tensor elements of NbOI, crystal along with the fitted and
experimental SHG and THG anisotropy ratios for the bare flakes and the fabricated holograms.

Sample SHG THG
(2) () i i 3) (3) () 3) i i
bbb Xbee Anisotropy (Fit/Exp.) gl 7o pran P Anisotropy (Fit/Exp.)
Flake 1 1 0.23 18.90/17.73 1 1.00 0.74 0.18 4.05/3.83
Flake 2 1 0.24 17.36/17.36 1 1.02 0.78 0.19 3.79/3.73
HGo, 1 0.26 14.79/14.95 1 1.10 0.72 0.18 4.89/4.85
Flake 3 1 0.25 16.00/16.21 1 1.05 0.76 0.19 4.14/3.97
HGyo 1 0.26 14.79/14.92 1 176 0.80 0.20 4.37/4.33
3. Conclusion 900 nm shortpass filter to reject the pump beam, and a 780 or 520 nm

bandpass filter to select the SHG or THG emission. Finally, the nonlinear
The generation of highly anisotropic second- and third-harmonic signal was irTlaged either in Fourier space or real space with a'color charge-
HG beams has been demonstrated with ultrathin NbOI, grating cou.pled device camera. The? SHQ and THG spectra were obtained using an
holograms. The binary-amplitude holograms are designed and optical spectrometer (Horiba, iHRS50).
fabricated on NDOI, thin flakes to produce the nonlinear
HGy; and HG;(, modes at the second- and third-harmonic wave-
lengths. It is shown that the generated second-harmonic and
third-harmonic HG modes exhibit high anisotropy ratios. The  The authors acknowledge the support from the National Science Foundation
observed strong anisotropic responses in the nonlinear HG  under grant nos. DMR-2412218, DMR-2412219, ECCS-2226875, and
modes are due to the in.plane anisotropic lattice structure of ECCS-2226948. The authors thank the facility support from the Materials
NbOI, crystal. The relative magnitudes of the nonlinear suscep- ~ Research Center at Missouri S & T.
tibility tensor elements of NbOI, crystal are further retrieved
through the theoretical fits of the polarization-dependent SHG
and THG intensities. The simultaneous generation of second- ~ Conflict of Interest
and third-harmonic Hermite-Gaussian modes as well as the
demonstrated strong anisotropic responses in ultrathin nonlin-
ear photonic devices will pave the way for advancing future appli-
cations in photonic integrated circuits, quantum photonic chips, RN
optical coriputing, andg optical comm?mication? For examplie, Data Avallablhty Statement
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